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Abstract. In the present paper, the elastodynamic response of four coplanar rigid strips embedded in an infinite
orthotropic medium dueto elastic wavesincident normally on the stripsisanalyzed. The resulting mixed boundary-
value problem is solved by an integral-equation method. The normal stress and the vertical displacement are
derived in closed analytic form. Numerical values of stress-intensity factors at the edges of the strips and vertical
displacements at point in the plane of the strips for several orthotropic materials are calculated and plotted
graphically to show the effect of material orthotropy.
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1. Introduction

In recent years, the study of problems involving cracks or inclusions in composite and
anisotropic materials has gained much importance. The problems of diffraction of elastic
waves by cracks or inclusions have aroused attention in the field of fracture mechanics in
view of their application in seismology and geophysics. Studies of a single Griffith crack as
well as two parallel and coplanar Griffith cracks have been made by Mal [1], Jain and Kan-
wal [2] and Itou [3]. The corresponding problems of diffraction by a single and two parallel
rigid strips have been solved by Wickham [4], Jain and Kanwal [5] and Mandal and Ghosh
[6], respectively. In most of these cases the problems were solved by the integral-equation
technique, but the solutions of interesting problems involving the scattering of elastic waves
by more than two coplanar Griffith cracks or strips are still lacking. The problem involving a
single Griffith crack in an orthotropic medium was investigated by Kassir and Bandyopadhya
[7], Shindo et al. [8] and De and Patra [9]. Shindo et al. [10] have investigated the impact
response of symmetric edge cracksin an orthotropic strip. Mandal and Ghosh [11] considered
the problem of interaction of elastic waveswith a periodic array of coplanar Griffith cracksin
an orthotropic elastic medium. The problem of scattering of elastic waves by acircular crack
in atransversely isotropic medium was investigated by Kundu and Bostrom [12].

Here we consider the two-dimensiona problem of diffraction of elastic waves by four
coplanar paralléel rigid strips embedded in an infinite orthotropic medium. The five-part mixed
boundary-value problem is reduced to the solution of a set of integral equations. Following
the technique devel oped by Srivastavaand Lowengrub [13], theintegral equations are solved.
The normal stress under the strips and displacements outside the strips are derived in closed
analytical form. To display the influence of the material orthotropy, numerical values of
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Figure 1. Geometry of the strips and incident field.

stress-intensity factors at the edges of the strips and vertical displacements are plotted against
the dimensionless frequency and distance, respectively, for several orthotropic materials.
This type of problem is important in view of their application in detecting the presence
of inhomogeneities embedded in material structures and in seismology, while studying the
scattering of elastic waves by inhomogeneitieslike rigid hard rock inside the earth.

2. Formulation of the problem

Consider thediifraction of anormally incident longitudinal wave by four coplanar and parallel
rigid strips embedded in an infinite orthotropic elastic medium. The strips occupy the region
d1 < |331| < dp,ds < |:171| <d, z2 =0, |$3| < o0. Let Eiaﬂij and I/ij(i,j =12, 3) denote
the engineering elastic constants of the material, where the subscripts 1, 2, 3 correspond to
the z1, 22, z3 directions which coincide with the axes of material orthotropy. Normalizing
all lengths with respect to d and putting z1/d = z,z2/d = y,z3/d = z,d1/d = a,d/d =
b,d3/d = ¢, we definetherigid stripsby a < |z| < b,e < |z] < 1,y =0, 2| < oo (Figurel).

Let a time-harmonic wave, given by u; = 0 and v; = vo exp[i(ky — wt)], where k =
wd/cs /2, cs = (n12/p)Y? and vg is aconstant, travelling in the direction of positive y-axis,
be incident normally on the strips. The non-zero stress components 7, and 7, are given by

ou ov ou Ov

Tyy/ 12 = o + 2 Tay /112 = o + o 21

where ¢;; (7,7 = 1,2) are nondimensional parameters related to the elastic constants by the
relations

e = B1/p2(1 — v Ey/Er), ¢ = Ea/pa(1— vipEz/ Er) = cuuEa/Ex (2.2)
c12 = 122/ p12(1 — v4E ) Er) = viac = varcis.

The constants E; and v;; satisfy the Maxwell relation v;; / E; = vj;/ E;.
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The equations of motion for orthotropic material in terms of the displacements are

P 0%u 0% d? 0%u,

gr %% n Jov _¢tdu
N2 + 0y? +(+ Clz)@xay c2 o2’

v 0% 9%u d? 9%

v 2% n Jgue _¢ 7Y
€22 oy? + 2 +(+ Clz)@xay c2 Ot?’

(2.3)

where u, v are the displacement components of the scattered field. The boundary conditions
are

() u(z,y,t) = 0,v(x,y,t) +vi(x,y,t) = 0acrossy = 0 on the surface of the strips;
(i) w and v are continuous acrossy = O for |z| < oo;
(iii) 7yy, 7y are continuous acrossy = 0 outside the strips.

Further, the scattered field should satisfy the radiation condition at infinity.
Substitutingu(z, y, t) = u(x,y) exp(—iwt) andv(z,y,t) = v(z,y) exp(—iwt) wereduce
our problem to the solution of the equations
&_{_8_2“_{_(1_{_ )8_21)_’_@ =0
N2z T 9y2 “2) 510y 2 = 2.4
O O (e T L T g |
292 " a2 2 5r0y 2 v

Boundary conditions on » and v suggest that « and v are odd and even functions of y,
respectively. Accordingly, Equations (2.4) are to be solved subject to the boundary conditions

U(ZE,O) =—vg, T€II4 (2.5)
Tyy(2,0) =0, =z € I1,I31s (2.6)
u(z,0) =0, |z|<oo 2.7

with I = (0, a), I, = (a, b),I3 = (b, C),I4 = (C, 1),15 = (1, OO)

Henecforth the time factor exp(—iwt) which is common to all field variables would be
omitted in the sequel.

The solutions of Equations (2.4) are taken as

u(wp) = +2 [TTA0) eyl + A2(6) ep(—raly] singodey 20 (289

v(z,y) = 2 /OO }[alAl(E) exp(—1ly|) + a2A42(£) exp(—2|y|)] cos x df (2.9

wJo &
where
2__ 12 _ .2 2 2
P Sl Skt B IPY k2 = dw (2.10)
(1+C]_2)’7i C?

and A;(¢) (i = 1,2) are the unknownsto be solved, 7%, v3 are the roots of the equation

c22y* + {(c + 212 — en1e22)€? + (L+ ) k2172 + (cné® — k5)(€2 — k2) = 0. (2.11)



50 SC.Mandal et al.

From the boundary condition (2.7) it is found that

A(8) = —Ax(9).

Therefore, displacements u, v and stresses 7, 7., finally can be written as

utwp) = 2 [ Texpl—alyl) — exp(—zl)]41(6) sin €xde,y > 0, (212)

oley) = = [ Zlos exp(—mlyl) oz exp(—l)]41(€) cos ok, (213)

e = = [ [ (a6 - ) explnly) -

< czzaz’)’2> exp(— ,),2|y|)] 1(¢§) cos&xdé,y > 0, (2.14)

reuliiz = —2 [ [+ 1) @Xp(—lyl) — (72 + az) eXp(—aly)] Ax(€) x

x sin £z dé. (2.15)

Next, putting A(§) = %Al(f), we see that the boundary conditions (2.5) and (2.6)
lead to the following integral equationsin A(&):

/ <&> A(£) cos€xde = —Zvg, z € I Is (2.16)
0 Q1Y1 — 022 2
and
/ A(¢) coséxdé =0, z € I, Is, Is. 2.17)
0

3. Solution of the prablem
We consider the solution of the integral equations (2.16) and (2.17) in the form

A(€) = /ab tf(t?) cos ¢t dt + /01 ug(u?) cos &u du, (3.1)

where f(#?) and g(u?) are unknown functions to be determined.
By the choice of A(¢) given by (3.1), the relation (2.17) is satisfied automatically and
Equation (2.16) becomes

/btf(tz) dlt/oOo (u) cos £z Cos £t dE+

a17Y1 — Q272

+/ ug(u du/ <ﬁ> cos éx cosudé = —Evo, €Il (32
Q171 — 0272 2
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Using therelation

sin 536 sin &t twvJo(Ew)Jo(Ev)dv dw
/ (22 — w?)/2(12 — 42)1/2’

we may cornvert the above equation to the form
d 5 vwlL1 (v, w)dw dv
dx/ tF(E) dt_/ / (22 — w?2)1/2 tz—v)1/2+

g/ ug(u du—/ / vwla (v, w)dw dv —%Uo, x € Iy, 1,  (3.3)

dz — w2)1/2(u2 — p2)1/2
where
L) = [ (2202 ) dofgw) Jo(¢o)ek. (3.4)
0 a1Y1 — Q272

By a contour integration technique [11] the infinite integral in L1(v,w) can be converted to
the following finite integrals

Yven eyn® — 1 - 117 (1)
Lv,wz—z’/ = = Jo(ksnv)Hy (ksnw) dn—
1(v, w) [0 720 1 72) o(ksnv)Hy” (ksnw) dn

1 1
e T ) HS () > o (35)
vya V(Y8 + %)
where
Y1 = [3{R1— (B2 — 4Rx)Y2Y Y2, 7, = [3{R1 + (RZ — 4Rp)Y/2}]Y2,

[3{—R1+ (R? — 4R3 )1/2}]1/2, ¥ = [3{R1 + (R} + 4R3)"?}]"2, (3.6)

R = C_{(CEZ + 2¢10 — 011022)772 + (1 + 022)},

Ry = 21— n)(i—n2>, Rszg(l—nz)@?z—i)-

c22 c11 Cc22 C11
The corresponding expression of L1 (v, w) for w < v followsfrom (3.5) by theinterchang-
ing of w and v.

Substituting the series expansion of Jp( ) and Hél)( ) for small &, in (3.5) we find, after
some algebraic manipulation,

2
Li(v,w) = = (v + log(ksw/2) — 3mi)M + N
2 2
- w}wf log ks | + O(k2), w > v

(v + log(ksv/2) — 3mi)M + N

2 2

2 +0(k?), v>w (3.7)
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wherey = 0-5772157... is Euler’s constant,

w= [ e g, - / U i (38)
Y1Y2(1 + F2) e B+
1/en —1- 1 -1
= / cun’ Y172 log ndn — u log n dn, (3.9)
Y1721 + F2) yyvem Y(VE+75H)
and
- /1/\/E e —1- M) 4 /1 nleun’ =149%) 4 (3.10)
Y1v2(71 + Y2) e BAE + %)

Now, differentiating both sides of the relation (3.2) with respect to z, we obtain

/btf(tz) dt/ooof <u> sin ¢z cos &t dé+

a17Y1 — Q272

~l—/ ug(u du/ §<ﬂ> snéxcoséudé =0, z€lply

Q171 — QY2
Following a similar procedure as was used for the derivation of Equation (3.3), we obtain

btf(t?) L ug(u?) 2) vwLy(v, w) dw dv
x/a xz—tzdt+x/c xz—uzdu /tft dt_/ / — w2)V2(12 — y2)1/2

1 vwLy(v, w) dw dv
+/C ug(u du—/ / 2= w2)2(u2 — )12 x € Iy, Iy, (3.11)

where
0 2 a1 —
La(v,w) = | lé -5 (#)] To(€w) Jo(€v) G, (3.12)
0 Q171 — Q272
c11 + N1N»
= ————2°, 3.13
N1+ N> ( )
N = 5 [—(c%z + 2¢12 — cr1e0) + \/ (¢34 2c12 — c11¢22)? — 4011022} ,
C22
and
2 1 2 2 2
N2 = 2— —(012 + 2012 — 011022) — \/(012 + 2012 — 011022) — 4011022 . (314)
C22

We use contour integration technique mentioned earlier and get from (3.12)

La(v, w) ik? /1/‘/0_” 1 (cun” — 1 - y172)
v,w) = —= —
’ 0 /o Y172(71 + 72)

Jo(ksmo) HSY (kgmw) dy—

Jo(ksnv)HY (ksmw) dy

1 2 2 _ l ~12
_/ n°(cun +72) LW > v (3.15)
1

iver (A +AH)
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By aprocess similar to that which led to Equation (3.7), Equation (3.15) for small values of
ks can be written as

2
Lo(v,w) = —;Pk? log ks + O(K2), (3.16)

where P = 2R and R is given by (3.10).
Now, let us consider

F(t?) = fo(t?) + k2 log ks f1(t?) + O(k?)
and
g(u?) = go(u?) + kZ log kg1 (u?) + O(K3). (317)

Putting the above expansions of f(t?), g(u?) and the value of L(v,w) given by (3.16) in
Equation (3.11) and equating the coefficients of like powers of k,, we obtain,

b tfol ugo(u
/ $2_t2dt+/ xz—uzd w=0, z€l,l (3.18)
and
b tfi(t? uga(u
/a x2 — t2 dt + / —u?
2P
= [/ tfol t2 dt+/ ugo(u d ] ,x € Iy, Iy. (3.19)
s

Following Srivastava and Lowengrub [13], we may obtain the solutions of the above integral
equation (3.18) as

2y _ 1-a2\Y? (2 - 2\"? 1
fo(t%) = D1 (cZ—a2> 1-#2 \/(tz_QZ)(bZ_tZ) N

2 N2
_D, (tz “2> 1 Crel (3.20)
b2 —t \/(1—t2)(02—t2)
and
1/2 1/2
1— 2 2 2 1
go(uz) = Dl 2 az ¢ CZ +
2 —a 1—u \/(uz_az)(uz_bz)
— 1
+D; (“2 “2> , zEl, (3.21)
u2 — b \/(1—u2)(u2—cz)

where D1 and D>, are constants which can be calculated as follows.
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We substitute the value of Ly (v, w) from (3.7) aswell asthe expansion of f(¢?) and g(u?)
as obtained from (3.17), (3.20) and (3.21) up to O(k? log k) in Equation (3.3). When the
coefficients of like powers of &, from both sides of the resulting equation are equated, we get,
after some manipulation, the following results:

% (X4 — X)) % (X3 — X1)
Dy = —vp— . Dp= g 2L 3.22
! 4 (X1 X4 — X2X3) 2 4 X)X3 — X1X4) (322)
where
1—a? 1/2 )
X, = (m> [{ (v +log(ks /2) — 7) M+ N} (J1 + Js)
+3M.Jy log(b? — @) + MJs] , (3.23)

v

X = {(v-+1og0k/2) ~ ) M+ N (s o)

— 1M Jp log(b? — a®) + M J, (3.24)

X3 = (12_7“2> v H (7 +log(k, /2) — %) M+ N} (J1+ Js)

2 — a?
+3iMJ3 log(1— c?) + MJ7] , (3.25)

e

Xy = {(7 +log(ks/2) — 5 ) M + N} (Ja — J2) + 3M J4 log(1 — ¢?) — M Jg, (3.26)

1/2 £t

b2 _ 42
Jl:/a (l—t2> \/(tz_az)(bz_ﬂ)’

tdt

Ja-)e -y

L/iu2—¢2 1/2 u du
J3:/C (1—u2> \/(uz_az)(uz_bz)’

u du

V- u)(u? — )

ul — 02>1/2 u log(vu2 — b2 + Vu2 — a?)
V@ —a?)(w? —1?)

u,
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Ry —— l/zulog(\/uz—bz—i—\/uz—az)
J6:/C (u2_b2> \/(l—uz)(uz—cz)

du,

5 _/b ® —t? 1/2tlog(\/c2—t2+\/1—t2)dt
Tl \1-¢ \/(tz_ag)(bz_tz) ’

b (12— g2\ "%y log(v/cZ2 — 12 + V1 — t2)
ng/a (bz—t2> \/(1_t2)(02_t2) .

4. Stressintensity factorsand displacement

The normal stress 7, (x, y) on the planey = 0 can be found from the relations (2.14), (3.1),
(3.17), (3.20) and (3.21) as

1/2 1/2
Tyy(2,0) = — 1412C22T Dy 1-a? / c® —a? / _
yy\ T, \/(362 ~ 22 12 2 _ a2 1_ 42

2 2
__ Do@” = ) }+O(k§|ogks), r €I

V(@ —a?)( a2

1/2 s 2
_ [412C22% D 1— a? ) (25— c*)
¢(x2—c2><1—x2>{ (5= Ve
2

2 1/2
+Dy (%) } + O(K? log ks), « € I4. (4.1)

Defining the stress intensity factors at the edges of the strips by the relations

K o= It Tyy(2,0)\/( — a) K, = Lt Tyy(2,0)/ (b — )
¢ St Vo122 ’ T—b— VoM12
K o— Lt Tyy(2,0)\/(z — ¢) K= Lt Tyy(2,0)V/ (1 — )
¢ a5t Vol12 ’ z—1— UVoM12
we get
c2v/aDy
K, = |2l ) (42)
\/2(b% — a?)
cooV/'b 1—a? 1/2 ? — b2 1/2 D(b? — a?)
Ky=|—"7———D1| 73— 1= - , (4.3
2(b2 — a?) ?—a - \/(1 — 52)(c? — b?)
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Figure 2. Stressintensity factors vs. frequency k, for generalized plane stress (for material of typelll).
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Figure 3. Stressintensity factors vs. frequency ks for  Figure 4. Stress intensity factors vs. frequency k&, for
generalized plane stress (for material of typelll). generalized plane stress (for material of typelll).



Diffraction of elastic waves by four rigid strips 57

0.25
F
r
r c=0% |
0.20- P ——
e s |
T T 1.0
|ossp h«‘r L\;—fg
o AT E - y 3
SN =08 E: o
r e 206 a5 il g
o101 T T - | o, T
T | %
L c=06 __I.__. " asDT "%f'.-?h_
0.051 1 e 0.6 f$~::=_5:-|
@ Ll asl-§ e
r 1 bpalsl
[o) AP TN SN S ST ,:'?'__, . . i i ; J
041 0.2 0.3 Q.4 0.5 0.6 1] [ B} iy [} ] 8 .o 1.2 i
ks —m P

Figure 5. Stress intensity factor K, vs. frequency ks  Figure 6. Vertical displacement |v/vo| vs. distance
for generalized plane stress. (—— Typel, —.——Type for generalized plane stress. (—— Typel, ----- Type
M, ----- Type ll). .

Figure 7. Vertica displacement |v/vo| vs. distance z  Figure 8. Vertical displacement |v/vo| vs. distance
for generalized plane stress. (—— Typel, ----- Type for generaized plane stress. (— Typel, ----- Type
). ).

The vertical displacement v(z,y) on the plane y = 0 can be obtained from Equations
(2.13), (3.1), (3.17), (3.20) and (3.21) as

4 .
o(r,0) = {(7 +log(ks) — %) M+ N}
1—a? 12
X < Dq (T@) (Jl + J3) + D2(J4 — Jz)

1/2
M 1—a?
+=9D1 (W) (Jo+ Ju1) + Da(J12 — J10) ¢ |
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T € I]_, I3, I5 (46)

where
e /b 2 2\?* log|t? — x| &
T \1=¢2 \/(tZ—aZ)(bZ—tz) ’
I /b 2 a2\"? ¢ log|t? — x| &
) =2 \/(1—t2)(02—t2) ’
J /1 (u2—02>1/2 u log |u? — 22| q
un= U
e \1—u? \/(uz — @) —b2)
Jor — /1 2 —a?\"? log|u? — 2| du
2 )\ =12 \/(uz_cz)(l_UZ) '

In order to obtain the solution of the problem corresponding to two rigid strips, taking b — ¢,
we find from (3.20) and (3.21) that in this particular case

1-a2\"? 1
fo(t?) = go(t?) = Dy ( >
2 — a? \/(tz — a?)(1 - 12)
2 — g2 12 1
_Dz(l_t2> (bz—tz), a<t<1

It can further be shown that X; = X3, so that

Vor?

2 ) 1 4X1’

where

oo\ 12
Xi=2 (%) [{y +10g(k2/2) — imi +log(1 — a?)Y/?} M + N].

It can easily be shown that in theisotropic casethisresult isidentical with result given by Jain
and Kanwal [5].

5. Numerical results and discussion

The stressintensity factors (SIF) K,, K3, K. and K given by (4.2)—(4.5) at the edges of the
strips and the vertical displacement |v(z, 0) /vo| near about the rigid strips have been plotted
against the dimensionless frequency k, and distance x, respectively, for three different types
of orthotropic materials whose engineering constants have been listed in Table 1.
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Table 1. Engineering elastic constants

E1 (Pa) E» (Pa) p12 (Pa) V12
Type | Modulite Il graphite-epoxi composite:

15-3x10° 158.0x10°  5.52x10° 0033
Type I E-type glass-epoxi composite:

9.79x 10° 42:3x10° 3-66x10° 0-063
Type |1 Stainless steel-al uminium composite;

79-76x 10° 8591x10°  30.02x10° 031

It is found that, whatever the lengths of the strips, the SIFs at the four edges of the strips
increase with increase in the value of £,(0-1 < ks < 0-6). From the graphs, it may be noted
further that, with a decrease in the length of the inner strip, which might be induced either
by increasing a or by decreasing b, the SIF K, at the innermost edge gradually decreases,
whereas the SIFs at the other edges show just the opposite behavior (Figure 2 - Figure 3).
Also, a decrease in the value of the length of the outer strip, which might be induced by
increasing the value of ¢, causes an increase in the values of the SIFs (Figure 4) from which
an interesting conclusion might be drawn: i.e., the presence of the inner strip suppresses the
SIFs at both edges of the outer strip and the presence of the outer strip suppressesthe SIFs at
the edges of theinner strip.

The SIF K, has been plotted (Figure 5) for different orthotropic materials to show the
effect of material orthotropy. Similar effects are being seen for other SIFs.

Thevertical displacement hasbeen plotted for different strip lengths. It isfound from Figure
6-Figure 8 that with the increase in the value of strip length, the displacement increases.
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For afixed material thevariation of displacement with frequency isfound to beinsignificant.

From Equations (2.12) and (2.13) the resultant displacement R[= \/(uz + v?)] of the
scattered field has been calculated for the points (z,y) in the first quadrant and plotted in
Figure 9.

From Figure 9 it is evident that the displacement (R) decreases as z and y increase. The
nature of the resultant displacement for all the materials are same.
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